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Abstract. We show that a map defined by Pfurner, Schrocker and Husty, mappi int -
dimensional projective space to the Study quadric, is equivalent to the composj of a nded
inverse Cayley map with the direct Cayley map, where the Cayley map in qUesti asSociated
to the adjoint representation of the group SE(3). We also verify that sup8roups and/ symmetric
subspaces of SE(3) lie on linear spaces in dual quaternion representati the gf@tip. These two
ideas are combined with the observation that the Pfurner-Schrocke eserves these lin-
ear subspaces. This means that the interpolation method propose rner gf al can be restricted
to subgroups and symmetric subspaces of SE(3).
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1 Introduction \ %

graphics. See the review Pa Roschel [6].
Recently a i ethod was presented for interpolating motions based
on the embeddi up of rigid-body displacements SE(3) in the seven di-
mensional peefecti ce P as a non-singular quadric, known as the Study quadric
is,réminiscent of a method proposed by Belta and Kumar where
rried out on matrices and then the matrices mapped back to the
dy displacements, see [9] and references therein.

to performing the composition of the inverse Cayley map, extended to all of P’,
llowed by the Cayley map sending points in IP% to the Study quadric.

In another recent work [13], a method for interpolating motions in symmetric
subspaces of SE(3) was given. Symmetric subspaces of SE(3) are important in
many practical applications. In [14], it was observed that these symmetric subspaces
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lie in the intersection of the Study quadric with some linear space. Below we make
this statement precise. We also verify that the map defined in [5] respects these
linear subspaces; a point in P/, not on the Study quadric but lying in a linear sub-
space which defines a subgroup or symmetric subspace, will be mapped to a point
in the intersection of the subspace and Qg. So the interpolation method of Pfurner,
Schrocker and Husty (PSH method) is ideally suited as an interpolation method
on the symmetric subspaces. Finally, we give a couple of simple examples of the
method.

2 Cayley Maps Q

Given a matrix representation of se(3), the Lie algebra to the grou;a)f rig

displacements, we can map the Lie algebra to the group itself using thx
Cay(A) = (I +A)(I-4)7", (D

where A is the matrix representing an element in se(3) and e identity matrix.
The result is a group element in SE(3) represented as ix ofgthe same dimen-
sion. These maps, unlike the exponential map, depe e particular representa-
tion used. Here, the adjoint representation of SE(3)\is u d the corresponding

Cayley map will be written Cayg.
Now a general dual quaternion is given by,

g:(ao—&—ali—kaxk k co+cri+caj+csk) 2)

rnion erators and € is the dual unit which
squares to zero, e2=0.
y a dual quaternion with elements satisfying

where i, j and k are the unit qu

commutes with the quaternio
A rigid-body displace is, o1

the equation,

aicy+axer +azez =0. 3)

i ¢yt ¢yt c3) as homogeneous coordinates in a P, the
ion determines the Study quadric Qy.

¢ and its inverse were described in terms of dual quaternions.
of s can be written as a pure dual quaternion; s = (wyi+woj+
»J +v3k). In the algebra of dual quaternions the Cayley map based
representation can be written as,

Taking (ap : aj *
above quadtaut eq
In[10]¢

1

= W((ZW%+3H2)WO+(2W%+3”2)S+W0s2+s3), (4)
0

Yo (s)

where 12 = wi + w3 +w3. The variable wy has been included to make the equation
homogeneous. In this way the map can be viewed as a map from the projective
space P, with homogeneous coordinates, (wo : wy : wa : w3 : vy vy :v3) to Q. In
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order to give a compact but explicit formula for this map we introduce the following
notation. Let,
T T
a:(a03a13a27a3) ) C:(C(),CI,CZ,C:‘,) )

and also
W:(WO,WI,Wz,W3)T, V:(Oa V17V2av3>T-

Now, the powers of s can be expanded in equation (4) and in terms of the above
notation the Cayley map can be written,

a=w(w-w), c=v(w-w)—w(v-w). ®)

Note that, since the codomain of the map lies in a projective space, any common
factors can be ignored. It is simple to check, using equation (3), that the irg a;-

the transformation is indeed the Study quadric. The map clearly has @gree
homogeneous coordinates of PS. The exceptional set for the map consjsgs, o

plane wg = w; = wyp = w3 = 0 and the 4-dimensional intersection e rics
w%—&—w%—&—w% +w% =0and wiv; +wava +w3vy = 0.
The inverses of these maps were also found in [10]. Giy, grQupgelement g

satisfying (3), the inverse map is,

_ -1
Cayg ! () = 5.2 (6~ daog + (305 I QG ). (©)
If we assign wy = —Za%, the common denomina en the other coordinates of

s = Cayq ! (g) are given by expanding thegeolynomial in g and simplifying using the
Study quadric, (3) and cancellin&m 0 ors:

apC — copa. (7)
This is a quadratic transfg h exceptional set consisting of the 5-plane
ap = co = 0 and the 3- 1 = a» = a3 = 0. The 3-plane is the A-plane
of ideal elements in ‘ guadric, the points which do not correspond to any
rigid-body t . The intersection of the 5-plane with the Study quadric is

otations by 7 radians about some axis. This pair of maps
tonal transformation between the six-dimensional projective
y quadric Qg in 7.

the definition of the inverse of Cayg, can be extended to all points of

rner et al introduced a simple method for interpolating rigid-body mo-
e algorithm consists of writing the control points of the motion as dual
quatefnions and then performing the interpolation in the ambient P’. Finally, the
tion is found by projecting the curve into the group. The map given in [5] takes
an arbitrary point of P’ to Qs in P/, so let us write the coordinates in the first P’ as
a and ¢, so the map can be written as,

a=a(a-a), c=c¢c(a-a)—a(a-c). (8)
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It is straightforward to check that the image of this map satisfies the equation defin-
ing the Study quadric and hence the image of the map is indeed Qg. Notice that this
map is the analogue in P’ of the map in P> which maps a screw to its axis: a line in
the Klein quadric.

Theorem 1. The Pfurner-Schrocker-Husty map (PSH map), given in (8), is equiva-

lent to the composite map Cayg oaz&g .

Proof. The proof is by direct computation. First the effect of the extended inverse

a=w(w-w)=ada(a-a)

and \
c=v(w-w)—w(v-w)=ajc(a-a)—aala- % (11)

Clearly, apart from the common factor 6(3), which is irreleva
this gives the same result as the PSH map.

Cayley map will be,
W = dopa, VvV =dpC — Cpa (
Now we can easily substitute into the definition for the Cayley map to get, ‘

projéctive space,
O

3 Subgroups and Symmetric Subsp

Loos [3], defines symmetric spa%fis p with a multiplication defined on the
points of the space. The map defindd by*feft-phultiplication by a particular point x,

is an involutive automorphism e spac® with isolated fixed point x. Loos also
shows that any Lie group, with'¥8ie multiplication xy, becomes a symmetric space
when the multiplication i ific o(x,y) = xy~'x. Here, by a symmetric sub-
space of SE(3), we meaf er’subspace of SE(3) closed under o. There is a

corresponde le system (LTS) of the Lie algebra and symmetric
subspaces of t
In SE (3)li bspaces of the Lie algebra are known as screw systems. Screw

systems werj
son-Hunt type (GH type) of a screw system distinguishes be-
tems, which contain screws with the same pitch, and type I systems

s given by a letter, A for no infinite pitch screws, B for 1 infinite pitch
for a line of infinite pith screws, and so forth. These basic classes split
into finer classes, characterised by invariants, often a characteristic pitch or set of
itches.

The Lie triple systems of se(3) were classified in [4, 7, 12], details of symmetric
subspaces of SE(3) can also be found in [14]. It was observed in [4], that most of
the symmetric subspaces of SE(3) are linear spaces or the intersection of the Study
quadric Qgwith a linear subspace. We state this as a theorem here.
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Theorem 2. Algebraic subgroups of SE(3) and algebraic symmetric subspaces of
SE(3) lie on linear spaces contained in the Study quadric or on the intersection of
the Study quadric with a linear subspace of P'.

By an algebraic subgroup or symmetric subspace we mean a subspace that can
be generated by exponentiating linear combinations of only zero pitch or infinite
pitch twists.

Proof. The theorem can be proved by straightforward inspection of all possible
cases. All possibilities were found in [12, 4] and [7]. To find points in the symmetric
subspaces we need to be able to exponentiate elements of the Lie triple system. Thi
can be done using the Rodrigues-like formula,

1
2

20(s1n9 263 90059 sth 6 )s (12)
where s is a dual quaternion of the form, s = (6,i + 6,j + %x Uy j + uzk)

and 6% = 67 + 67 +67. A derivation of this formula ca [10]'.
So for example 1f we take a general twist from a

(200s6+6s1n6)—%(0c050 3sin0)s ‘

3-system, s =
ai+ bj+ cek the exponential of this is,

e —cos9+fs1n61+—sm sin O ek (13)

where 8% = a® 4 b?. Clearly, whiigeve es of the parameters a, b and c, the
exponential lies in the 3-plane a3 = co =, # c» = 0. This 3-plane is a generator
plane of the Study quadric.

In this way, all possible s bras and Lie triple systems can be examined.
Tables of canonical form g P le subalgebras and Lie triple systems can be

found in Table 1 and 2 ely, together with the linear equations satisfied by
the subspace: a

! Note, refere
should re:

0] comtains a couple of errors. Equation (8.6) for the log of a dual quaternion

log 6] ((26 —sin(20))g + (25in(36) ~ 660 cos(9))”
— (66 cos(8) —25in(36))g — (36 cos(8) — 6 .cos(36) +sin(6) — sin(39))),

anks to J. Bookshire for pointing this out. The formula in §5 for the quasi-pitch of the dual
uaternion Cayley map should read,

a-b 0/2 <£)
~a-a sin@/2
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Table 1 Canonical Forms for the Connected Subgroups of SE(3). GH type denotes the class of
the screw system in the Gibson-Hunt classification of screw systems.

|Dim|GH type |Subgroup |Sub. Alg. basis|Linear equations |Descripti0r1 |
1 |IA(p=0) |SO(2) {i} ay =a3 =co=c| =cy =c3=0]|linein Qg

1 |IA(p#0) |H, {i+ pei} not algebraic -

1 |IB R {&i} a; =ay = az = ¢y = c» = c3 = 0|line in Qg

2 |IB° S0(2) x R|{i,ei} wm=a3=c=c3=0 3-plane

2 |IIC R2 {ei,ej} al=m=a3=co=c; =0 2-plane in Qs
3 |IA (p=0)|SO(3) {i,j,k} co=ci=c=c3=0 A-plane

3 |IC (p=0)|SE(2) {i,ej,ek} am=a3=cp=c; =0 A-plane

3 |IC(p#0)|H,xR?> |{i+pei,jk} [notalgebraic -

3 |IID R3 {ei,ej, ek} |lay=ay=a3=co=0 B-plan

4 |IIC SE(2) xR|{i,ei,ej, ek} |ax=a3=0 (5-plan

Table 2 Canonical Forms for the Connected Symmetric Subspaces of SE(3).
basis for the Lie triple system.

|Dim|GH type |LTS basis |Linear equations

2 |HA (p=0)|{i,j} a=cpy=c1=0c

2 |OB(p=0)|{i,ej} am=a3=cy=

2 |IB (p#0)|{i+ pei,ej} |notalgebrai

3 |UB (p=0)|{ij,ek} az =co=* 0 B-plane

3 |1 {i,ei,ej} a=a3=c3=0 4-plane

4 |B° {i, ], i, £ 5-plane

5 |IB {i,j,€i, € ] hyperplane

%’ ~/
4 Interpolation Q

Finally the two
subgroup
lie in the St qua

combined. The idea is to interpolate the motion in the
ic subspace using the Study coordinates. The result may not
C but will lie in a linear subspace defining the subgroup or

. Now use the PSH map to send the curve back to the Study
to work we must check that the PSH map preserves the linear

int on Js but still in the linear space.

linear spaces lies entirely within the Q; there is nothing to check since
points in Qg are not changed by the map. This leaves 5 cases to check, the cylin-
ical subgroup (IB®), the Schonflies subgroup (IIC), and the last three rows in
Table 2, (IC?, IBY and IIB). The checks are not difficult and all do satisfy the re-
quired condition. For example, the linear space for the canonical Schonflies group
is given by a, = a3 = 0, after the PSH map points satisfying these equations
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will satisfy a, = @,(a-a) = 0 and similarly for a3. For the canonical cylindrical
subgroup a; = @3 = ¢ = ¢3 = 0 and after the PSH map, a, = a3 = 0 and also
¢y =&(a-a) —ap(a-¢) =0 and similar for c3. Since the results hold for the canon-
ical forms of the subgroups and symmetric subspaces, they hold for all subgroups
and symmetric subspaces by symmetry.

As a first example, consider linearly interpolating between the identity in the
group and a 26 screw motion with pitch p, note that linear interpolation was also
considered in [5]. We can choose coordinates so that the screw axis is the x-axis and
then the group element will be,

g1 =c+si—pOse+ pOcei

where s = sin(6) and ¢ = cos(6). Now the interpolated motion will be
terms of a parameter ¢ as,
g(t)=(1—1)+1g1.

Then the PSH map takes this to a twisted cubic curve in the group,
PSH(g(t)) = (14+3(c— 1t +2(c—1)(c 2(c—1 \c
+st(1+2(c—1)r—2

fpest( (I—c)t 8+p t 8l (16)

The two group elements lie in a cylindrical , hence so does the twisted
cubic curve. So the result is a vertical Darboux motion, 1n agreement with the results

of [10].
Next we look at a slightly m%‘ d example, we interpolate between
three group elements with a coni e th roup elements will be,

1 3
=1 == —ek =— k € 17
go=1 g 2+ TRt &= 2+2 38 a7
so that the p th ‘metric subspace generated by the IC? 3-system. A
conic through t i n be given by,
1
§)~ 5 (1-1)2—1)g0+1(2—1)g1 = 51(1 = 1)g2. (18)

Not t tha®”are many other conics through these three points, however, this is
the uni nic passing through the knot points at time # = .0, 1 and 2 respectively.
map then gives a degree 6 curve in the Study quadric.



8 J.M. Selig, Y. Wu and M. Carricato

5 Conclusion

We were not able to find an algebraic proof that the subgroups and symmetric sub-
spaces lie on linear subspaces in P’. However, it is clear that such an explanations
should exist, this fact cannot be a coincidence.
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