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Abstract. By using the topological structure synthesis theory and method based on POC (Position and 

Orientation Characteristic) equations，a novel 4-DOF 3T1R parallel manipulator (PM) with low cou-

pling degree, 2PaRSS, is presented．First，the modeling and numerical solutions for forward and in-

verse position of the PM is established. Then, the workspace and rotation capacity of the PM are ana-

lyzed based on inverse solutions. This work shows 2PaRSS has simple structure, larger workspace and 

rotation capacity comapered to H4,  I4 etc.  
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1 Introduction 

On type synthesis of three-translation and one-rotation (3T1R) PMs, F.Pierrot and 

O.Company et al. proposed a class of famous 4-DOF parallel robots that have been 

widely industrial used such as H4[1], I4L[2], I4R[3], Par4[4] and Heli4[5], all of 

those are composed of four identical complex chains containing a parallelogram be-

tween the static and moving platform. Meanwhile, the coupling degrees of all these 

PMs mentioned are larger, which are k =2[6].    

The coupling degree is used to describe the complexity of the topological struc-

ture of a mechanism[7]. It is represented by k (k0) that reflects the independence 

of the kinematic variables among loops of a PM, and also reflects the complexity 

of kinematics and dynamics solutions for the mechanism. It has been proved that 

the larger the value k, the higher of the complexity will be[6,7,8]. Therefore, the 
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forward position solutions of all these existing 3T1R PMs are very difficult, which 

influences their real-time control and path planning. 

By using topological structure synthesis theory and method for PMs based on 

POC equations[6,8], the authors proposed a class of novel 4-DOF 3T1R PMs[6]. 

Among them, one is a novel 2PaRSS PM presented in this paper. The PM features 

simple structutre, large workspace and rotational ability. But its coupling degree is 

low, i.e., k =1. The PM is composed of only two parallelogram complex chains 

containing 4S and two nonconstraint RSS chains(S-spherical joint, R-rotation 

joint). Therefroe, the PM is not only simpler in the structure but also easier both in 

the solutions for kinematics and dynamics and in manufacturing as well as assem-

bly than that of H4 etc. The reason is that these existing PMs contain four parallel-

ogram complex chains containing 4S and their coupling degrees are larger (k =2) 

[6]. 

2 Structural analysis  

As shown in Fig.1, the 2PaRSS PM [6,9] consists of a moving platform 1, a static 

platform 0, two nonconstraint RSS chains and a hybrid chain whose end link 2 

produces three-translation output.  

             

Fig.1  A novel 2PaRSS PM and kinematic modeling 

The hybrid chain has two parallelogram sub-chains III and IV which have four 

spherical joints (Sa,Sb,Sc,Sd) connected by the link 2. A rod with two rotating 

joints Ra and Rb shall be in the parallelogram configuration to make the four joints 

Sa, Sb, Sc, Sd in the same plane. The length of the rod RaRb is equal to SaSb or Sc,Sd. 

The axis of the rotation pair R3 must be perpendicular to the moving platform 1. 
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Joint R11, R21, R31 and R41 are four actuated joints, and they are located in the 

midpoint of each side in the static platform 0. Two parallelogram sub-chains 

should satisfy 
4131

RR  , while two nonconstraint RSS chains may take any ar-

rangement relation, say
2111

RR  . “” stands for perpendicular. Thus, the moving 

platform 1 can realize three translations and one rotation around the R3 axis[6]. 

    The topological analysis for the 2PaRSS PM can be found in [6], which shows 

that the PM contains only one Assur Kinematic Chain (AKC) and its coupling de-

gree is only 1. Therefore all of the numerical solutions for the forward position 

can be found by using one dimensional search method. 

 

3 Position analysis 

3.1 The coordinate system and annotation 

Given the input angles (
1111

,,,  ) of the actuated joints, the forward position 

solution is to solve the position ),,( zyx and the attitude angle (  ) of the moving 

platform 1, as in Fig.1. 

The static coordinate system O-XYZ is in the geometric center of the static plat-

form 0, X axis is collinear with the connection line between R11 and R31, Y axis is 

collinear with the connection line between R21 and R41, and the direction of Z axes 

are determined by the law of the right hand. The origin of the coordinate o’-

X’Y’Z’ is located in the midpoint of the hypotenuse (S13S23) of the platform 1, X’ 

axis is parallel to the connection line between S13 and R3, and Y' axis is parallel to 

the connection line between S23 and R3. Since the static platform 0 is rectangular, 

its length and width are 2a and 2b respectively. Moving platform 1 is isosceles 

right triangle and the length of the right side is 2m2. 

The orientation angle  is the rotation angle of the moving platform 1 around 

the rotation pair R3, which is expressed by the angle between the OX axis and the 

connection line from R3 to o'. The counter-clockwise direction of the angles is 

positive. The point B3' is the midpoint of the rod BaBb. Let R3B3 =q1, BaBb=l. The 

angle between the BaBb and the rod of SaSb or Sa1Sb1 is  , respectively. Let 

R11S12=R21S22=la1, S12S13=S22S23=lb1, R31P3=R41P4=la, P3Ba=P4Bb=lb. 

The angles between the parallelogram plane and the static platform plane are 
2


 

and
2

  respectively, while the interior angles of two parallelograms are respective-

ly 
3

 and
3

 , as shown in Fig.1. 
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The position of the rod S13S12 and S23S22 in the space are expressed by three an-

gles between them with the X, Y, Z axes in the static platform 0 respectively, 

which are 432
,,  and 765

,,  , as shown in Fig.2. 

                                         
                   （a）chain I                                 （b）chain II 

Fig.2  Calculation model of chain I and II  

         

3.2 Forward position modeling  
 

The principle of modeling of forward position analysis based on SOC mthod can 

be found in[8]. 

3.2.1 The modeling of the SOC1  

1) The first SOC, i.e.SOC1, of the PM is composed of two sub-chains III and IV, 

joint R3 and S13-S12-R11 chain, as in Fig.1. By SOC1, the coordinates of point O ', 

S13, S23 can be obtained by D-H matrix as follows 
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By using Eq. (1) and (2), we have the equation as 

  02
113

2

11
 tkktktk  

Then we get 

                                       
1

2

1

22

33

1
tk

tktt
k




                                         

where                                    
2

tan 2
1


k                                                  （5） 
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We assign the angle 
3 as the virtual variable,

 
i.e.

*

3
 . Then, by Eq. (5),

2  is 

a function of the virtual variable
*

3
 . 

 2) By the chain I, as in Fig.2, the coordinates of S12 can be easily obtained. 

Further, by Eq.(3) and the link-length constraint 
11312 b

lSS  , we can obtain 

0cossin
111
 CBA   

Where 
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We have 
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It is known from Eq.(6) and  (7) that angle *  is also a function of virtual vari-

able
*

3
 .

 
 

3.2.1 The modeling of SOC2  

The second SOC, i.e.,SOC2, is S23-S22-R21, as in Fig.2, by which the coordinates of 

S22 are easily obtained. Further, according to Eq.(4) and the link-length constraint 

12322 b
lSS  , we have  
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By continuously changing *

3
 from 0 to 360 until   0*

3
f , the value of

3
 is the 

real value. Then, the coordinates of point O’,  zyxo ,,'
, can be obtained when the 

real 
3

 is substituted into Eqs.（1）and（5）. Further, by taking into Eq. (6), the 

real angle  of the moving platform 1 can be obtained. 

When the position ),,( zyx and angle  of the moving platform 1 are known, the 

input angle
1111

,,,  of the driving arm is easily solved, which is the inverse 
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position solutions for the PM. Both the forward and inverse position solutions of 

2PaRSS PM have been testified to be correct by using an numerical example, 

which is omitted for the limited space. 

4 Workspace and rotation capacity analysis 

The method of limit boundary searching based on inverse position solutions [10] 

is used to analyze the workspace of the 2PaRSS PM. Namely, the height in the Z 

direction of the workspace is pre-determined, the boundary of workspace will be 

found by changing the search radius  and angle  .This paper chooses the pa-

rameters such as 1200550  z and 10z  ,   , 10000   . The range of 

the input angle 
1111

,,,  are  ,0 . 

 

4.1 Workspace analysis 

Using the MATLAB, the three-dimension graph of the workspace of the 2PaRSS 

is shown in Fig.3, and each X-Y cross-section is shown in Fig.4. We find: 

(a) When 400mm≤z≤550mm, the internal space has an empty hole. The emp-

ty hole will disappear while increasing height Z. 

(b) When ]1000,550[z , the X-Y cross-section of the workspace is symmet-

ric about the T-T line. 

(c) The workspace is a regular one, while increasing Z, the cross-section area 

will decrease.  

(d) Without considering the interference of the links, the workspace is bigger 

than that of I4R (H4) etc in the same parameters and the search scope. The specif-

ic data are as follows: 

         
Fig. 3  Workspace of 2PaRSS           Fig.4 X-Y section of workspace when Z=850mm 

 

  ① Using the parameters of [11] and giving the search scope such 

as 10000   and 1150500  z , the workspace volume of I4R is 6.1668*108（

mm3）,  and that of 2PaRSS is 7.0070*108（mm3）. Therefore, the workspace of 

2PaRSS is increased by 13.6% compared to I4R robot. 

  ②Using the parameters of [12], the workspace volume of CrossIV-3 is 

4.4274*108（mm3）and that of the 2PaRSS is 4.6464*108（mm3）. Therefore, 

the workspace of 2PaRSS is increased by 4.95% compared to CrossIV-3 robot. 
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4.2 Rotation capacity analysis 

The rotation capacity  of the moving platform is defined as the rotation range of 

the end effector in the workspace[13]. Its size is also an important indicator to 

measure the rotating performance of the 2PaRSS PM. 

Considering the scope of ]1000,550[z , at any X-Y cross-section, we can get 

the rotation ability of the moving platform. For clarity, we use z=1000mm as an 

example. Then the X-Y cross-section of the 2PaRSS is got as shown in Fig.5. And 

the rotation capacity of H4 is shown in Fig.6, from which we observe as follows. 

            

(a) Distribution of
max

                       (b) Distribution of
min
  

Fig. 5 Rotational capacity of 2PaRSS when Z=1000mm 

             

(a) Distribution of
max

              (b) Distribution of
min
  

Fig. 6 Rotational capacity of H4 when Z=1000mm 

 

  The rotation range of the 2PaRSS in the X-Y plane is 00 140140   when 

z=1000, while the rotation range of H4 is 00 110120   . Comparing with H4, 

the distribution of 
max

 is increased by 30º, and the distribution of
min
 is increased 

by 20º. Therefore, the total value of 2PaRSS will increase by 21.74% relative to 

H4. Specific comparisons are given as follows: 

When using the point  1000237100 ，，A  as an example, the rotation output 

of the H4 is 0

max
40 and 0

min
20 , while 2PaRSS is 

0

max
40 and 0

min
60 . Therefore, it is easy to find that rotation capacity of 

the 2PaRSS is larger than that of H4. 
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5 Conclusions 
A novel 4-DOF 3T1R 2PaRSS manipulator with simple structure and low cou-

pling degree is presented.  

The modeling of the forward position solutions based on the SOC method is es- 

tablished. A position constraint equation (Eq.(8)) with only one variable is de-

rived, from which all numerical solutions of forward position are obtained by us-

ing one-dimension search method.  

Based on inverse position solutions, the performance of the workspace is also 

analyzed. It is proved that the workspace of the 2PaRSS is increased by 13.6% 

and 4.95% respectively compared with that of H4(I4) etc. The rotation capacity of 

the 2PaRSS is increased by 21.74% compared with that of H4. This work shows 

the 2PaRSS PM has potential applications.  
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