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Abstract. Recently, the authors presented a new over-constrain

ipulatdt with six degrees of

freedom, based on a modified Gough-Stewart platform, and fordts direct position analysis.
In this paper, a different solution is proposed based on a giffer@nt parameterization that leads to a re-
duced system of four closure equations. The new met es the analytical derivation and the

geometrical interpretation of the results.
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1 Introduction

Several types
[1]. A ne ism has been recently presented [2], together with its direct po-
sition anal

d has several interesting characteristics [2] with respect to the
atures a lower number of kinematic pairs thus simplifying the me-

ove clearance in kinematic pairs; it features a larger workspace, free from kin-
singularities for practical mechanism dimensions.

In this paper a new solution of the DPA is presented. The closure equations of
e mechanism have been found relying upon a technique, known as “open loop
chain”, that was presented in [4] and used to solve the DPA of many mechanisms.
Differently from the classical approach, we show in this paper that the core of the
DPA can be reduced to a system of four equations in four unknowns. The full ana-
lytical derivation is reported here and the new solution is discussed.
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2 Modified Gough-Stewart manipulator

A full description of the new mechanism and of its characteristics is presented in
[2]: only its general features are reported here for the sake of clarity. The mecha-
nism (Fig. 1) is composed of a mobile platform (1) (defined by the points C;,
i=1,2,3, that define the plane o), with six degrees-of-freedom with respect to th
fixed base (2) (defined by the points A;j, i=1,2,3, j=1,2), that are connected
means of three kinematic chains i=1,2,3 (Fig. 2), defined by the points A;
Bi», Bi,i. The mobile platform is connected to the upper link B;»Bi; of e3
matic chain by the universal joints centered at points C;. The two@xes o

points C;, A1, Aip, as to avoid redundancy. In each kinematic
denote the connection points of the linear actuators with t
fixed base, by revolute and universal joints respectively. T
with some geometrical conditions: the revolute joint a
two universal joints must be parallel, while the othe
collinear (Fig. 2). Because of the linear constraintg thgd-th kinematic chain lies on
the plane y; for any configuration of the mobile platfornT:

A1 2

Fig. 1 Schematic representation of the manipulator.
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ths of the legs. For the sake of simplicity, the points A;; of the base will be

red on the same plane, though the mechanism allows a more general ge-
ometry also. However, the DPA presented in this paper can be easily generalized
the general geometry by a few adjustments. Two Cartesian coordinate systems
are defined (Fig. 1). The first one (Sg) is attached to the fixed base: its center is lo-
cated at the centroid O of the fixed base, x axis parallel to the vector A 1A, z ax-
is orthogonal to the plane on which the fixed base lies, y axis as a consequence.
The second coordinate system (Sp) is attached to the mobile platform: it has center
on the point Ci, y axis coincident with the direction C;C3, z axis orthogonal to the
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plane o, x axis as a consequence. The mechanism geometry is defined as follows:
a;; is the position vector of the point Ajj in Sg; ¢; is the position vectors of the
point C; in Sp; 1 is the vector that identifies the frame link of the i-th kinematic
chain (i.e., ri=Ai»Ai1); lij is the length of the j-th link of the i-th kinematic chain
(i.e., li=||Ai;Bij|)); k is the unit vector normal to the plane o (i.e., the unit vector of
the z axis of the Sp); wu; is the unit vector normal to the plane vi; t; is the unit vector
that defines the direction of the vector BiBi» (i.e., t=Bi Bi./|| Bi,iBi2||), and 1 is its
norm (i.e., I=|| Bi1Bi2l|).

The position of the points C; and B, ; can be described with respect to th
by the four parameters i (i=1,2,3,4) (Fig. 3): v, is the angle between the vg
and the vector A By 1, 2 is the angle between the plane y; and the plax
fied by the fixed base, y3 is the angle between the vectors k and u;, and
angle between the unit vector obtained as the cross product betwee vector k
and t; and the y axis of the Sp. In particular, the position of the goin Cal be ex-
pressed as a function of y; and y» and the lengths 1;,; and , a 1t will be
clarified further on. Moreover, it is worth noting t he K atic chain
A1,B1,1Bi2A1 > is a four bar mechanism if the prismatiewjgin locked, and the
angle 0 (i.e., the angle between the upper and the lo ks) €an be expressed as
a function of the angle y; and the lengths 1, andd », ng to the well-known
relation [5]:

Fig. 3 Representation of the four parameters used for the DPA.
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0= 2tan’1(—_b_ L —4ac)
2a (1)
where
a=-h +@+h,)cos(y,)+h,
b = —2sin(y,) )
c=h —(@-h,)cos(y,)+h,
and

o
2 2 2 2
n-f h-f b - TR ( b\‘ G
1 il
The position vector of the point C; can be thus written @&

B
OC,=a,, +A;,B,, +—% = 4)
Where the vector B Bi,, can be expresgsin Sg as:
cos 6'\ cosy,
B(Bl,lBl,z) =1| sin & W |s ¢ Ai,lBl,l) = |1,1 siny; cosy, )

Si n siny, siny,

The positiongrectoQC;
ters as follo

can be expressed as a function of the four parame-

° (OC, ):B (OC1)+B Re °c

i=23 (6)
wh
°R, =R, (v,)R, (R, (v:)R, (v,) (7

(7), each R is the 3x3 orthonormal matrix that represents a rotation defined by
the angle in brackets about the axis specified in the subscript.

The expression of the point B;; (i=2,3; j=1,2) with respect to the Sg can be de-
termined without adding new variables. In particular, it is worth noting that the di-
rection t; is obtained as the intersection between the two planes ¢ and vy; (Fig. 4).
In fact, the joint centered in C; allows the upper link of the i-th kinematic chain to
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o
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Fig. 4 Definition of the line that passes throug uppgr link of the kinematic chain.

rotate about the axis K, so as the dir n t; lies on the plane . Furthermore, the
direction t; lies on the plane yi, Siace tor B; Bi, identifies the upper link of
the i-th kinematic chain. Thus, ghe vect can be found as the cross product be-
tween k and u;:

AL ®)
kx|
Since: @
u = r; ></A\i’lCi (9)
rxA;.C

wally, t; can be expressed without adding new variables:

¢ o Kx (i xALG) (10)
I |k x(r, XAi,lci)|

where

A .C, =0C, —a,;, (1)
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The position vector B;; with respect to the Sg can be written as:
t.
OB, =a,;+A;B,;=0C, +I* (12)
' ’ co 2

Thus, a system of four equations in the four unknowns vy, n=1,...,4, can be ob-
tained:

(Ai,jBi,j)T(Ai,jBi,j) = Ii,jz = (OC; ilt_zi_ai,j)T(OCi +|;aj)§

i=23 j=12

This system represents the final solution of the DPA, since it makesd le to
obtain the values of the parameters v, that describe the plat pose, when the

mechanism geometry and the actuator lengths are given.

4 Numerical example ‘ S @

As an example, a specific geometry of the mechanism is considered in this section
and its configuration is determiged w; roposed DPA method for three rep-
resentative combinations of ac)tmr ths) The points Aj; are on a circle with
diameter d,=840mm; position vetors of\e@nsecutive points Aj; belonging to dif-
ferent kinematic chains for ngle of (p—n/9 (F1g 5) the points C; of the mo-
bile platform form an equs
d,=280mm; the length ypér link is I=100mm. In the first considered com-
bination the gactuat /
figuration ); 1n the second one, the actuators have the same length
three by three,t rovide a configuration in which the platform is rotated about
the z axis); #ipthe t configuration, the actuators have length that provide a con-
figuratigia in Wi e platform is rotated about the y axis.

Ta Actit@for lengths and corresponding values of the configuration parameters at the three
considered mechanism poses.

D D2 131 13,2 ¥ 123 s Wy

[958.6, 958.6, 958.6, 958.6, 958.6,958.6] 1.33736  1.43097 -1.43097  0.523599
891.6, 847.8, 891.6, 847.8, 891.6,847.8] 1.21866 1.37925 -1.37925  1.183130
[973.3 969.8 1004.2 1002.9 939.5 941.6] 1.17517  1.43822 -1.47862  0.438011
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Fig. 5 The three considered mechanism conﬁgl&: ,
S Conclusions @

In this paper, a new solution for the DPA of a recently proposed over-constrained
parallel manipulator is presented. T, chanism is a modified version of the
Gough-Stewart manipulator, l:&hi

three kinematic chains that beh@xe as foy
are fixed. The new DPA s n is based on a parameterization that leads to a
system of four equations s
equations in six unkng
the platform pose throul
plifying th Iyfic

arameterization makes it possible to represent
onfiguration of a single kinematic chain, thus sim-
erivation and the geometrical interpretation of the results.
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