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Abstract. Cayley-Klein parameters are an alternative to Euler parameters for deg
ical motion group. Based on Study’s and Kotelnikov's "Principle of Transf@ence’
Cayley-Klein parameters for the motion study of oriented lines in Euclideap@:spa
we focus on the transformation of points in terms of dual Cayley-Klein gara rs and show that
these parameters imply a very compact symbolic expression of the gphergecon@ition, which is the
central equation for computational algebraic kinematics of parallel at@rs of Stewart-Gough
type. Moreover it is shown that the compactness of this formul@iion is d on to the symbolic
expression of the singularity loci. We also adopt our results to't! nalogue in planar kinematics
and point out the difference to the well-known approach o pic
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1 Introduction

Itis well-known that planar Iacem ts of the Euclidean plane can be written as:

cosp —smd) m
( > sing  cosg < ) * (n> ’ (1)
,¥)") are the coordinates of a poiRtwith respect to the

ing frames, is the angle of rotation angm,n)’ the trans-
rpreting the Euclidean plane as Gaussian plane, Eg. (1) can be

where (xo!
fixed frage {r
lation vecCi@r. By

rewriti@p as: _
X+Yi = X0 +Yoi = €% (x+yi) + (m-+ni), ey
wherei otes the complex unit. In addition one can set:
Po :=Xo+Yoi, Po =X — Yol ®3)

nd replace the original coordinatesandyy by:

Xo = (Po+Po)/2, Yo= (Po—TPo)/(2). (4)
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The obtained paifpo, Py) are the so-called isotropic coordinatesPofvith respect
to the fixed system. Analogously one gets the isotropic coordirfatg® := (X+
yi,x—yi) of P with respect to the moving system and the isotropic coordinates
(1,T) := (m+ni,m—ni) of the translation. Thus Eq. (2) equals+ pp = €¢p+1.
In order to make this formulation algebraic, we replaeby the complex number
K, which has to fulfill the normalizing conditioxk = 1. Hence we get the compact
notation:

p— pPo=KpP+T with KK=1. (5)

A historical overview on planar kinematics based on isotropic coordinates is
given in the work [21] by Wampler, in which these coordinates are used to determine
the degree and circularity of curves traced by planar linkages. Further references and
historical remarks can be found in the book of Wunderlich [23] where the
dinates are called minimal coordinates. Beside [18] most of the recent
isotropic coordinates was done by Wampler (cf. [22] and all self-refer

1.1 Motivation and outline of the paper %

Based on the algebraic formulation Eq. (5) we cand the B&sic equation for the
study of planar parallel manipulators with RPR le ig. ); namely the condi-
tion that a poin® of the moving system is located cirglé with radusentered

at the pointB with fixed coordinategug, vo)'. S d circle condition reads

as follows:

(Kp+T—bo)(KP+T— =0, (6)
where(bg, bg) := (Ug + Voi, Uy — Voi) ote the isotropic coordinates®fwith re-
spect to the fixed system. n@li equation shows that it has 10 terms and
that it is inhomogeneous quagratic i motion parametetst, T.

Nevertheless the symb
publications (e.g. [2, 7,.9, 1
Blaschke-Giinwald (
is that one ends up

expression of Eq. (6) is very compact, a lot of recent
9]) use the circle condition formulated in terms of
ters, which has 26 terms. A motive for doing this
omogenous quadratic equation in the BG parameters,
thus met algebraic geometry can be applied. This gives reason to
ask for ich has both benefits (compactness and homogeneity). We
present ulation as a special case of a more general approach taken for
ics” In detail the paper is structured as follows:

tion 1 by giving a very brief review on the quaternionic formulation
nts in Euclidean spaces of dimension 2 and 3. In Section 2 we discuss

re condition and the singularity loci of Stewart-Gough (SG) manipulators (Fig.
1 right), which is known to the author. Moreover, the obtained results can easily be
adopted for planar kinematics, thus we also get a solution to our motivating question;
namely a homogenous circle condition with only 10 terms.
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Fig. 1 (Left) 3-dof RPR planar parallel manipulator: The platform is connected via three s
to the base. (Right) SG manipulator: The platform is connected via six SPS-legs to t ase!

the planar as well as the spatial mechanism the anchor points of the legs are derta
respectively, and in both cases only the prismatic joints are active.

1.2 Quaternionic formulation of displacements \
nt Ef )e skew field

0 = qo+ qui + Q2j + g3t with go,...,g3 € R is an elgme
of quaternionsH, wherei,j, ¢ are the so-called quatefniagg units. The conjugated
guaternion ta is given byQ := qo— t1i — Q2j — reoVer,Q is called unit-
quaternion fog3 + g2 + g3+ 93 = 1.
Displacements in spatial kinematics ca
nionsH + €H, wheree is the dual unit wit erts? = 0. An elementt + %
of H+ eH with € := ey + e1i + € + est and T ;=15 + t1i +toj + tat is called dual
unit-quaternion if¢ is an unit-quatepAten and following condition holds:

q
for ted in terms of dual quater-

eoto t1 +estz3 =0. (7)
It is well-known (e.g. [10, jon 3.3.2.2]) that displacements of points in the Eu-
clidean 3-space can eS8ed by dual unit-quatergionst as follows:
= CoPol+ (ToE—EoT), (8)

aternion multiplication afid:= xi + yj + zt (resp.o :=
mbedding of a poiftwith Cartesian coordinatgs= (x,y,z)"
T) with respect to the moving (resp. fixed) frame ififo

n Study parameters [20] of the Euclidean motion group SE(3). Note that
,e3)R are the so-called Euler parameters of the spherical motion group.
estricting the Study parameters to planar Euclidean displacements within the
lanexz = 0 impliese; = ep =tg =tz = 0 (cf. [10, Remark 3.38]) , thus one ends

up with the homogenous quadrupkg, es,t1,t2)R, which are the already mentioned

BG parameters [1, 6].
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2 Dual Cayley-Klein parameters

According to the recently published work [17], which also contains a historical
overview and a detailed list of references on CK parameters, the formulation of
spherical displacements of points based on Euler paraneters. ,e3)R; i.e.

P CoPol with E+&E+5+65=1 9)

can be rewritten in terms of CK parameters3 € C as follows:
P— EPE* with aa+pB =1, (10)
where B N
p—(%2P) E-= e a—E . 1

p-z B a -Ba
Note that the upper indexdenotes the transposed conjugate dPama eover,
P is the embedding of the poiit with Cartesian coordinatgs , to

the set of complex & 2 matrices, which can be seen as a
isotropic coordinates according to [17]. The introductio
completed by giving their relations to the Euler para rs,

geéheralization of
rameters can be
read as follows:

o:=e+esi and B::% (12)

Remark 1 Note that their exists the alternativefor n— E*PE, where the
matrix P of Eq. (11) and the formula fqB8 ) are replaced by:

P (_Z . _pz'| nd B:=—e+ei (13)

We prefer the other convengen, as connection with the isotropic coordinates
in case of planar kinemati€&is straightforward. Moreover, one can confjplite
simply as— detP. o

Due to the "Princif %

ansference”, which dates back to Kotelnikov [12] and

Study [20, ati@rrof a spherical displacement of points can also be applied
to the spatia nts of oriented lines by dualizing the complete framework;
i.e. com s are substituted by dual complex numbers. Up to the author’s
knowledde ulting dual CK parameters have only be used for this purpose
[3, 17 for the description of displacements of points in Euclidean 3-space.
F i fS, we use the relation to quaternions and a more detailed formulation
of E which reads as follows (cf. [10, page 498]):

14 &P — 1+ &Po = (€ +£T) o (14 £P) o (€ —£3). (14)
A straightforward translation into terms of complex 2 matrices yields:

(li+&P) — (li+&Pg) = (E+€T)(Ii + eP)(E* — £T*), (15)
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wherel denotes the 2 2 identity matrix and

Po = (;’;_pgo), T:= (g_f) with yi=to+t3i, S:=tr+tsi. (16)

Expanding and simplifying Eq. (15) implies:
(li+eP) — (li+&Pg) =1i+&(EPE*+ITE* —IET™). a7

In order that our later obtained symbolic expressions (e.g. Eq. (26)) are free of the
complex uniti we make the following redefinition:

_r_ (A H . (AT
S._lT_<” )\) and S :=—iT _<” )\)

with
Ai=t3+toi and u:=ty+tai,

thus we finally get the desired representation, which is sum:%xt.

Theorem 1. Any spatial displacement of poirfescan be wrj

P+ Po=EPE"+SE" +ES"

where the four involved parametess 3,A, u € f@ rmalizing condition
@ =1 with -

(20)

®:=a0a (22)
and the analogue of the Study condition (7), which is giveby 0 with
v =%\ ™Y (Bu—BR). (22)

Moreover, the mapping of,
quadruplea, B,A, u € C fulfi

g. (20) IS a spatial displacement of points for each
@®=1land¥ =0.

For the planar case % andA = 0 due toe; = & = 0 andtg =t3 =0,
respectively (cf. end & fon 1.2). Therefore the following corollary holds:

Corollary 1.

isplacement of poinscan be written as:
a(ap+2u) with a,peC and ao=1. (23)
Moreovegthe mapping of Eq. (23) is a planar displacement of points for each bitu-
pl € Fulfilling aa = 1.

mark 2Based on Corollary 1 we can point out the relation

2

k=a“ and 1=20U (24)

between the parametetst € C of Eq. (5) and the parameteas € C of Eq. (23),
which is a non-linear one. o
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3 Application to parallel manipulators

For symbolic computations in robotics, we considief8, A, [ as independent vari-
ables; i.e. they are uncoupled fram, A, u. Under this assumption Study’s kine-
matic mapping (e.g. [16, Section 2]) can be reformulated as follows:

Corollary 2. There is a bijection between SE(3) and 8-tuples of complex numbers
(a,B,A,u,a,B,A , )R fulfilling ¥ = Owith (a, B, @ ,B) # (0,0,0,0) and the con-
dition that the quadrupléa, 3,A, 1) is the conjugate quadruple obr,B,A, ).

Based on this result the sphere condition, that the platform poistlocated on
a sphere with radiuR centered in the base poit with fixed coordinatedg =
(uo,vo,wo)T, can be computed as (cf. end of Remark 1):

. b
®?R2 +det(R—Bo) =0 with Bg:= W° 0
+det(Ry— Bo) 0 bo Wo
where the coefficien®? of R? homogenizes the equation. Domg onding
tricky summation of Husty [8] (see also [15]) by addit#{f to d side,

shows thakp factors out. The remaining quadratic facfor

a®pbo — B2y + a2phy — B pbo + (a0 + BB) (R <
+2(ad@ — BB)zvo — 20 pwo + 2a Bz + 20 Bz
—2(Bu+BH)(Wo+2) +2(aA +TA)(Wo —2 BA)bo

+2(au+BA)bo+2(BA —am)p+2(BX= —4(AX 4 um).

(26)

Therefore the sphere conditiah= 0 only 38 terms in contrast to its formulation
based on Study parameters,Whi 0 terms (cf. [8]). An example for pointing
out the beneficial effects of this redugtigh of terms is the symbolic elimination pro-
cess in the direct kinematigslof SG platforms.

Example 1As each legsmp ere condition we get six sphere equalioa®
withi=1 [8] that the differences of two sphere conditions
areonly i i atlonal parameters. Therefore the system of five equations
Y=55-27 —23—27=2p—21=0IinearinA, u,X,H can only have a
non-trivi if the determinant of thex55 coefficient matrix vanishes. This

determing@t spli int® and a factor with 53280 terms, which is homogenous

of degiee 4 70, B. In contrast, the corresponding quartic expression based on
Study pakameter has 258720 terms (cf. [5, Section 3.2]). S
B gz=wo=B = =X = =0we get from Eq. (26) the circle condition,

ich can be written similarly to Eq. (6) as:
(ap+2u —ab)(@p+ 20 — abg) — aa@R? = 0. 27)

This equation has both benefits; i.e. the compactness of the isotropic formulation
and the homogeneity of the approach based on BG parameters (cf. Section 1.1).
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In the following we show that the compactness of the proposed formulation
passes on to the symbolic expression of the singularity loci of SG platforms.
Therefore we compute the iRlker coordinates of the line spanned by the base
anchor point and the corresponding platform anchor point. The direction vector
| = (I1,12,13)T is given by(po — ®bo), where the coefficient is again used for
homogenization, and the moment veator= (my,mp, mg)T reads adg x I. Thus
each entry of the 6-tupld, m)R fulfilling the Plucker condition(l, m) = 0 is ho-
mogenous of degree 2 in the dual CK parametei3, A, u, @, 8, A, [i. By defining:

| := 11+ si —=a?p— B p— adibo — BBbo + 2aBz+ 2 B + 2ua,
m:= My +myi = (a@°p— B%p)wo + (BaAP+ Bap)bo + (BB — ad)zbo
+2(@Bz+aH+ BA)Wo+ (BH + B — aA —TA)by,

n:=2mi =2(apu+BA+afz)by— 2@+ LA +aBz)bo
+ (a%bo+ B%bo) p— (a2bo+ B Bo)p, ® O

we can replacél, m)R by the more compact 6-tupfe= (1,113

I3 = aa(z—wo) — BB(z+wWo) — afby —afby+aA

fulfilling Im—Im+I3n = 0. As each leg of the SG r
we getfy,...,fs. As a consequence the manipul i

if and only if:

lies such a 6-tuple,
singular pose (cf. [14]),

det(F) =0 with Fg& (f\....fq). (30)

The expression det(Rplits up into®? and a homdgenous octic facteiin the dual

CK parameters. MoreoveF, as 96 terms if the platform and base anchor

points are chosen as follow t to the moving and fixed frame: the first

anchor point is located in th rlgln econd one orxtagis and the third one

in thexy-plane. In contrasEMgformulated in Study parameters has 1748184 terms.
Note thatF = 0 can bg an alternative singularity locus expression to [4,

13]. Finally, the sing the planar analogue (Fig. 1 left) can be computed

as the determinant ofja atrix (cf. [9]), asm=m=13 = 0hold.

4 Con(%

jscussed the transformation of points in terms of dual CK parameters (Section
2) a owed that these parameters imply a very compact symbolic expression
e, sphere condition and the singularity loci of SG platforms (Section 3). These
par@meters cannot only be restricted to planar motions, but they can also be extended
for kinematics in Euclidean 4-space according to [16]. The proposed representation
is especially of interest for the determination of SG platforms with self-motions (e.g.
[5]), but maybe it is also beneficial for the symbolic study of other mechanisms.
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