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Abstract. Distance-based formulations have successfully been used to obtain ¢
for planar mechanisms without relying, in most cases, on variable elimiations
sulting from previous attempts to generalize these techniques to spatial al
limitations such as the impossibility of incorporating orientation constraigts. e first time, this
paper presents a complete satisfactory generalization. As an examplé, it | pli€d to obtain a clo-
sure polynomial for the the general triple-arm parallel robot (that i Frobot). This
polynomial, not linked to any particular reference frame, is obtajagd with ariable eliminations
or tangent-half-angle substitutions.
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1 Introduction
The distance-based formulahr in@d in this paper generalizes the ideas devel-

oped in [1] for the position atalysis of planar kinematic chains to solve the position
analysis of spatial mechani . The methods resulting from previous attempts to
attain this generalization v ited in scope [2], or were unable to obtain closure
polynomials of mini ree for mechanisms with orientation constraints [3].
The prop a permits the incorporation of this kind of constraints so
thatitcan b general spatial linkages. Besides being general, it is shown
how it h implifies the algebraic manipulations needed to obtain closure poly-
oint in which no variable eliminations are needed in many non-
an example, it is applied to obtain a closure polynomial for the the
-arm parallel robot (see Fig. 1). This robot consists of a moving plat-

with respect to the fixed base, for specified values of the actuated prismatic joints.
Several researchers have studied this probkem (4, 5, 6, 7]), but their solutions
assume that the axes of the revolute joints attached to the fixed base are arranged
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Fig. 1 Triple-arm parallel robot in which the axes supporting the seg
are skew and its corresponding bar-and-joint framework model.

forming a triangle. In this paper, using the aforementiohed djstghce-based formu-
lation, the forward kinematics of the triple-arm parallefgobot with skew revolute
joints is solved. It will be shown how this formulg obtaining a closure
univariate polynomial that is not linked to a ar reference frame, and is
straightforwardly obtained without variable,eli or tangent-half-angle sub-
stitutions.
The rest of this paper is organized as fol

. Section 2 introduces the basics

of the distance-based formulation its corresponding properties and operations.
These ideas are then applie\(; closure polynomial for the general triple-
arm robot in Section 3 whic th plied to solve, in Section 4, its forward

kinematics for a particular jgStance. Finally, we conclude in Section 5.

ill denote a point inE3, p; j = RP, Pi.jk = Pi,jxPik and

s.j = |lpi r coordinates will be arranged as column vectors. Vegtgrs

Pi k» i, resent, in general, a non-orthonormal reference frame which will

y the column vector of nine componentg = (P!} Pk ij’k)T.

rahedron defined Wy, P;, R, andR will be denoted byAiJ’kJ, and it
said that itorigin is located aB, its baseis given by then trianglé&i,j,k, its

base vectorarep; j (first) andp; x (second), and iteutput vectorsrep; |, pj,, and

k-
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2.1 Trilateration in matrix form

Given the tetrahedroﬁL j.kI, its output vectop; | can be expressed as a function of
the base vectorg; j andp; x and its squared edge distances as follows (see [8] for
details):

8k Pi) = bijkl Pi,j+Cijkl Pik+Gijkl dijkl Pijk (1)
where
01 1 1 01 1 1
ai_k:_}l 0 s;j sk b__klz}l 0 sk sy
o) 4|11 s; 0 sjk|’ WAL s sjk S
lsksjk O 1sk 0 g
01 1 1 0 1
K 411s; 0 s’ d o rr = }13. 0 s
1 sk Sik W= gl 3 e
A 1 sk sjk
1ls)

andaj j k| accounts for the two possible locations Bfwith
supporting&m such thato; j i1 = +11if | pij Pik Pit [>0
wise.

Equation (1) can be expressed in matrix form @
Pii = Wi jkidi (2)

o (bijkiy Cijkly ikl :
whereW, j x| = ( 2k I Ak I EXD I'),1 being

output vectop; can be expresse

3x 3 identity matrix. Thus, the

PiI =Pi) 2P = k1 — Kioo) Gijk (3

whereKpo = (I O 0), ing the 3x3 null matrix. Similarly, for the case of

the output vectopy W, t
—pik= (Wi jxi —Koio) dijk 4)
with Ko Y
Since nts, in general, a non-orthogonal reference frame, any vector

canb
MggeoveRit can be checked that|? =g, QT Qi k.
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2.2 Reference frame change

Let us suppose that can be expressed in the reference frame defineql by, as
V=010 mn, WwhereQ; = (w}l w}l wil).Letus also assume that the base vectors
of g mn, Pi,m @andp n, can be expressed in the reference frame defined; by
aspim= Q20ijx andp;n = Q30 jk WhereQ, = (w?l il wil), andQz =
(wfl w3l w3l), respectively. Then, it is possible to express the reference frame
defined byg;  « as:

V=Q10Imn= Ql/\ﬁkaSQi,j,k, (5)
where
(e e
ARE=| Wl Wl Wl ],
kil kol ksl o
with \
ki =3(wfw3 — w§w?)(s,) + Sk —Sjk) + (WF w3 — ;éh)

ke = — ((wfe — wfe)s j + 3 (e — ]

ks =wfws — wiwy;.

—Sjk))

Aiﬂflf)?’ is defined as @eference frame ghange matriba the particular case in
which w? = 1,05 = w? = 0, this matrix will xplicitly denoted aAi’fj'fl’(OQ?

\*

Q:Koi10

Likewise, if & = 1,0} = w} trix will be denoted a&;"%

ng a revolute axis and a ball joint can be modeled by taking
is and the center of rotation of the spherical pair and connecting

ramework shown in Fig. 1. The geometry of this robot is then completely
ined by 9 points, nameBj ... Py; 24 squared distances, namely, s 3,
S1,44'S1,5, S1,65 S1,7, $2,3: 2,4, 2,5, 2,65 2,75 S3,4, S35, S3,6, S3.8: 4,5, 4,6, 4,8, 5,6, 5,9,

S6.9, S7,:8, S7,9, andsg o; and the orientation of 3 tetrahedra, namélyz 34, Aj 245,

and AI,Z,S,G-
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According to the notation of Fig. 1, and applying the operations introduced in
Section 2, next we derive a closure condition for this particular robot. To this end,
we are going to expresg ¢ as a function ofg 7. In other wordssz 7 is going to
be used as a parameter in terms of which the configuration of the robot can be
expressed.

For the fixed base, which involves poifts... Ps and tetrahedré\; 234, A1 2435,
and A 556, we have

P14 =W12340123, (6)
KiooW1.234

P15 =W12450124=Wi245A 153 U123, (7)
KiooW1.245 A KiooW1234

P16 =W125601,25 =Wi256174 e 0123

representauon qﬁl 7 andpzg in the same reference frame to .>mp
vector equatioe g = —P1,6 + P1,7 + P7,0. For the case of vectcp
forwardly have

P17 =W12370123.
For the case of vectqr; o, we first compute
P73 =—P37=—(W1237— Kool 73Q1 23 (10)
Similarly, from equations (6) and (9), we

p74=—PL7+P1sa= 39 —W1237) 0123 = Q740123. (11)

N\

P78 =W7348d7 3= W7348A 2733 01,23 = Q780123 (12)

Then,

Moreover, from equa

= D
and fron%) 8

—P15+P1,7+P78
KiooW
(—W1,2,4,5/\ 128 4+ Q7g+ W1,2,3,7> O123= Q580123  (14)

nd (9), we obtain

KiooW1,234
12450173 —W1,2,3,7) d123 = 2750123, (13)

(7), (9), and (12),

Then, using equations (12) and (13), we have

p79—W7859Q785—W7859/\127% ® 01,23 (15)



6 N. Rojas and F. Thomas

Using equations (8), (9), and (15), we can now wpig in the reference frame
defined byg 23 as:

P69 = —P16+PL7+P79 = Q690123, (16)
with
Qg9 =—W156A T;) Q25 55?3? W1234 L Wy gs0 35%075 +Wi237.
Thus, we finally conclude that

T T
S6.9 = 0123 Q69Q6901,23-

have that

S47= QI,z,s Q;4-074011,2,3,
$57= 0132752750123, (19)

S5.8 =01 23 Q13 Q580123 (20)

Then, the substitution of these expressions in (17 alar radical equation in

determine the assem-

the univariate polynomial resulting from glearfpg the radicals in this expression,
as explained in [9]. For each real root, we etermine the location of the three
points of the moving platform by c uting, for example, the following sequence
of trilaterations: obtaining, 7€tom P P13, thenpsg from p3 7 andps 4, and
finally psg from ps7 andpsg. This 1€ads)to up to eight locations 8. At least

one of them necessarily sgtigties thedistance constraint imposggd laynd hence
corresponds to a valid as ly mode.

4 Num |

Accordingie the n@fation of Fig. 1, let us consider the triple arm mechanism with the
followjfag kn quared lengthsi» = 1,513 =17,814 = 10,515 = 26,51 6 = 20,
= 16,8274 = 11,5275 = 19,32,6 = 13,52_’7 = 102,3374 =3, S35 = 11,
8=126,55=20,5%6=18,548=101,556 = 2,559 = 145,559 = 123,
,S7,0 =26, andsgg = 10; with 01234 = +1, 01245 = —1, andoy 256 =
bstituting these values in (17), using the expressiorns {95 7 andss g in
terms ofsz 7, and clearing radicals, we obtain the following polynomial:
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Ss7 = 190.26 ss7=19373

Fig. 2 The six real solutions to the forward klnematlc

4.3635 10'%s}% — 1.1184 10'°s}% + 1.36 % —1.0517. 10533
+5.6413 107535 — 2.2259 107's} 4t 6.6546 107537 — 1.5332 10°2- 53
+2.7456 10°4- 5} , — 3.829&]@3 4.1433 10°8- 3, — 3.4390 10%s3,

+2.1463 10%s3, — 9.7358 633 ; W870275 10°°s ; — 5.7676 10°s37
+5.0725 10%.

(21)
This polynomial has | roots: 126.00, 140.93, 186.75, 190.26, 193.73, and
198.13. T pd robot configurations for the case in whids lo-

= (1aOaO)T! p1,3 = (1’470)1—' p1,4 = (0’371)1—' p1,5 =
4,2,0)", appear in Fig. 2.

g the position analysis of kinematic chains based on the idea of obtaining clo-
sure conditions using n-laterations and constructive geometry arguments has been
uite successful for the planar case. However, the extension of this approach to three
dimensions, to solve the position analysis of spatial mechanisms, remained elusive
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despite the efforts to generalize the planar techniques. The main drawbacks of these
previous attempts include the impossibility of dealing with orientation constraints,
the limited range of mechanisms that can be analyzed using them, and the complex-
ity of the algebraic manipulation needed to solve even relatively simple problems.
This paper has introduced the basic concepts and properties of a distance-based ma-
trix formulation that clears all these disadvantages. The technique has been applied
to solve the forward kinematics of the triple arm mechanism with skew revolute
joints.
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