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Abstract. Parallel manipulators present higher load capacity, better rigidity and ot va S
when compared to the serial manipulators. However, parallel manipulators pre such
as singularities inside their workspace and strongly coupled dynamics. In or sdre these

distance between the end effector and singularities or as an isotropy i aper, a study
of the impact of kinematic redundancies on the improvement of jpulator’s isotrop-
icity and on the reduction of singularities is presented. In orderfto d¢’so, cgnditioning maps are
exploited for the non-redundant 3RRR and for the kinematicatly gt 3PRRR manipulators.
redundancies regarding
kinematic characteristics.
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1 Introduction

ip (PKMs) can be promising industrial alternatives
to serial manip tg their higher dynamic capabilities, higher accuracy and
better payl ightratio [4]. Nevertheless, they present important drawbacks

e parallel manipulator’s workspace. For instance, the accuracy
apidly decrease near singularities during a task. Kinematic redun-

of an“active joint in a kinematic chain allowing the self-motion of the manip-
ue to the inclusion of the redundant actuator, the inverse kinematic model
of kinematically redundant PKMs presents infinite solutions. A proper selection of
olution may enforce the avoidance of undesirable behaviour. In fact, kinematic
redundancy has been used not only for the singularities’ avoidance but also for the
improvement of manipulator’s kinematic and dynamic characteristics [2, 3, 6].
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Additionally, PKMs present highly coupled dynamics which can become an issue
for designing and implementing real-time control strategies for industrial applica-
tions [7]. The coupling of the mechanism can be measured by an isotropic index
that can be defined by the condition number of the Jacobian matrix as described by
[8]. This index is also exploited as a measurement of the distance between the end
effector and singularities [1].

In this manuscript, a study of the impact of kinematic redundancies on the en-
hancement of the manipulator’s isotropy and on the reduction of singular regions.
This is accomplished by identifying the behaviour of the condition number of the Ja-
cobian matrix of planar parallel kinematic manipulators with kinematic redundancy.
In order to do that, the non-redundant manipulator, the 3RRR, and the kinematical
redundant manipulator, the 3PRRR are investigated. These manipulators, illustza
in Fig. 1, present three kinematic chains composed of one active revolute jg s
and two passive revolute joints (RR). The inclusion of extra active pfismat %
(P) is responsible for the kinematic redundancies.

The comparison of the behaviour of the condition number of thgffatobia trix
for predefined tasks could yield misleading interpretations, si tCome is
task dependent. In this way, conditioning maps are proposedfand depici€d over the

manipulator’s workspace. In this proposal, the kinemati ancy is properly
treated.

This paper is organized as follows. The kinemaji el of the 3PRRR manip-
ulator is described in Section 2. Section 3 presepts thg methiodology addressing the
conditioning maps. The results are presented iscussed in Section 4. Finally,

conclusions are drawn in Section 5.
(a) (b)

Fig. 1 11 ions a) the non-redundant manipulator 3RRR and (b) the kinematically redun-
dant ipulal RRR.

Kinematic Model

In this section, the kinematic model of the 3PRRR manipulator is presented. This
model can be used to represent the non-redundant manipulator 3RRR by imposing
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the input values of the redundant actuators. Figure 2 illustrates a scheme of the
geometry of the 3PRRR. The subscript i = 1,...,3 describes the kinematic chain.
There are revolute joints in A;, B; and C;, where A, is active and B; and C; are passive.
The angles 6; and f3; represent the orientation of the links A;B; and B;C;, respectively.
The lengths of links A;B; and B;C; are, respectively, /; and l,. Active prismatic joints
can modify the position of the point A;. Using this linear actuators the position of
A; can be modified according to the position §; and the orientation 7; (see Fig. 2b).
The distance between the manipulator’s center and the central position of the linear
actuators is represented by a. The Cartesian position of the end effector is (x,y) with
orientation . The distance of C; to the center of the end effector is /. Details on this
description can be found in [3].

ffector

ctive prismatic joints

(@) (b)

Fig. 2 Model parameters of the redundant mgnipulator 3PRRR: (a) Points and link lengths; (b)
Angles and coordinate system.

dancies, this task is not simple since the mechanism presents
ile the end effector presents only three DOFs. As a consequence,

considering that the values of the redundant actuators’ inputs d;, 5, and 03 are
he inverse kinematics of the manipulator is defined.
First, the variables py; and py; are introduced as:

e =[]l o] -a [ -a[od]
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The following geometrical constraint can be imposed according to the length of

the links:
px,—llcos
|l = @

Expanding the norm in Eq. 2 and rearranging its result, the following relation can
be obtained:

ej1 +epncos(6;) + e;3sin(6;) =0, 3)
where
ejl = =201 pyi,
en = —2l1pxi ®
e =py+py+ii—15=0.
The tangent half-angle substitution is employed to solve Eq, 1ding:
—en /e +eb — g
6; =2tan" (7
€i3 —¢€2
Using Eq. 2 and the result of 6;, the angle al§o be determined by
®)

2.2 Jacobian Matrix

The Jacobian anatri ates X = [x,y, &7 with @ = [6,,6,,63,8;,8,, 8],
needs to be det well for the calculation of the manipulators’ conditioning.

This relatigi isyde
X=JO )

way t@pdetermine it is by taking the time derivative of the constraint relation
describ g. 3. This approach yields:

x[lacos(Bi)] +yllasin(B;)] + e&[hsin(fi — A — o) = (10)
= 9,‘[11 153 sin(ﬁ,- — Qi)] + 8,’[12 COS([S,’ — ’}’,)]

Equation 10 can be rewritten in a matrix form yielding
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AX =B6O. (11)

The matrices A and B can be defined as:

apy a2 a3
A= ajz1 dpp a3y and (12)
az] dazz ass
bi1 0 0 by 0 O
B=[0 b 0 0 bys O |. (13)
0 0 b33 0 0 bsg
where aj| = lz COS(ﬁi), ap = 12 sin(ﬁi), api = lz/’l Sil’l(ﬁl’ — /1,' — Ol), bl',' = l]lz sin(ﬁ,-
6;) and bj; 3 = [y cos(B; — %).

()
3 Conditioning map Q
by¥the determi-

The mathematical definition of singularities in PKMs is de ed

nant of the Jacobian matrices A and B [4]. Singular Jac mathiets indicate sin-
gularities. Nevertheless, regions near to singularitie Isgpbe problematic for
real applications and should be avoided. Accordin [ nverse of the condi-
tion number of the matrix A can be used to evalfiate the closeness between the end
effector and singularities.

From the kinematic model, one can
thus its condition number has no&si al
presence of translational and rotati®na
and homogenize the matrix A have

defined as:
a1 aiz a13/Le
as1 ax axn/Le| (14)

asy axn azz/Le

tice that the matrix A is heterogeneous,
ing. This characteristic is due to the
OFjy. Therefore, in order to compensate
posed a new homogenized matrix A

where Lc = anipulator’s characteristic length.
The c er kK of the matrix A can be defined as
- A
K(A) = max o (A) (15)
min 6(A)

A) is the vector of singular values of the matrix A.
BY definition, the index k! is bounded, (0 < k~! < 1). And, the following phys-
1 interpretation can be realized: k~! = 0 means that the manipulator is on a sin-
eularity and k~! = 1 means that it is on an ideal isotropic configuration. In this
way, [1] have demonstrated that the index k1 indicates the distance between the
end effector and the singularities.
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Since the index x~! is dependent on the manipulators’ configuration, its value is

not constant over the manipulators’ workspace. In this way, the values of the index
x~! can be calculated in a mesh over the manipulator’s workspace. Conditioning
maps can be depicted by plotting these values over the workspace.

For non-redundant manipulator, the 3RRR manipulator, a single kinematic con-
figuration is derived by the inverse kinematic model. In this way, a single value of
the index k! is found for each configuration defined by the mesh. For the kinemati-
cally redundant manipulator, the 3PRRR manipulator, infinite configurations can be
derived for a single pose of the end effector. In this work, the conditioning map for
the redundant manipulator is derived by dividing each input of the active prismatic
joints (the redundant actuators, &;) in k possible positions. The best inputs are fou
by extensive search for the higher value of the index x~'. The higher values e
index k! are depicted yielding the conditioning maps for the redun(%mt ca

4 Results

In this comparison, the parameters for both manipulato
these values have been selected in order to match a rea 1p buyt by our research
group [9]. The lengths of each link /; and /; are 0. and 0f232 m, respectively.
The limits of the linear actuators are 8y, = —0.3 m &nd Oqy = 0.3 m. The lengths
a; and h; are the same for all kinematic chain equal to 0.260 m and 0.060
m, respectively.

Figure 3 depicts the conditioning mag of the 3RRR manipulator. There are three
unreachable circles inside the workgpa the difference in the lengths of links
1 and ;. Moreover, the dark bluggareas n o these circles present low condition
numbers. This indicates that t regions are close to singularities. In general, the
conditioning map of the 3RRR that the manipulator conditioning is lower
than 0.8 in a large amo rkspace. Conditioning values higher than 0.8
can only be found at regiQn a¥ to the center of the workspace.

1
04
0.8
0.2
0 é | 0.6
-~ 0 0.4
-0.2 0.2
-0.4 0
-0.5 0 0.5

X (m)

Fig. 3 Conditioning map of the non-redundant manipulator 3RRR.
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Figure 4 illustrates the conditioning map of the 3PRRR manipulator. One can
notice that there is no unreachable area inside the workspace, which is considerable
larger than the 3RRR’s workspace. Moreover, there is no area that presents a condi-
tioning index lower than 0.2 and there is a wide area with conditioning index higher
than 0.8 in the center of the workspace.

1
0.4
0.8
0.2 0.6
0 04
-0.2 0.2 Y O
0.5

0
-0.5 0

4 /.ii,"
X (m)
Fig. 4 Conditioning map of the redundant manipulato8PRRR.

Comparing Figs. 3 and 4, one can notice that the geg ith)index values higher
than 0.8 ( yellow area) presents the same size of the”3RR space. This suggests
that kinematic redundancy promotes the impr; of the manipulator’s condi-
tioning, since the 3PRRR manipulator generally pre higher conditioning values

than the 3RRR manipulator.
Although the redundant mani ato%wn a better conditioning map, these
i

aforementioned values can only be athieved ig/specific inputs of the active prismatic
joints (the redundant actuators and 3). These optimal inputs are depicted in
in

y (m)

the workspace in Figs. 5(a), nd 5(c). One can observe that there are some
important discontinuities i
the redundant actuators.
design smoogyopti
manipulators.
for real ap

se maps leading to unfeasible trajectories for

Suis
this fact shows that the proposal of a strategy to
OSitie maps can be helpful for the design of redundant

n be useful for deriving redundancy resolution scheme

0.4 0n 04 » 102
02 _ 02 ”
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E 0o < 0
= 0 = 0
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x (m) X (m)
(b) ©

Fig. 5 Optimal inputs for the redundant actuators (a) J;, (b) d; and (c) &;.
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5 Conclusions

In general, PKMs present high coupled dynamics and singularities in the workspace.
In order to avoid these drawbacks, kinematic redundancy can be applied as stated
in the literature. In this manuscript, the impact of kinematic redundancy on the
conditioning of PKMs was addressed. In order to do that, two manipulators were
compared: the non-redundant 3RRR and the redundant 3PRRR manipulators. This
comparison was carried out by contrasting the conditioning maps of both manipu-
lators. These maps were depicted by plotting the inverse of the condition number of
the homogenized Jacobian matrix in the manipulator’s workspace.

The results demonstrated a considerable increase in the area where the con
tioning index is larger than 0.8 when kinematic redundancies are consideredsilil
indicates that kinematic redundancies can be an alternative for imp@ving
formance of PKMs. Finally, the authors believe that these conditioning anap
be applied to the development of a redundancy resolution scheme dmpr@xin
conditioning of redundant manipulators for real applications.
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