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Abstract. A Non Uniform Rational B-Spline (NURBS) is used for synthesizing th ion e
of cam mechanisms because it is flexible and satisfies arbitrary boundary iti
working requirement of machinery systems. For using NURBS curve as

vector on the displacement, velocity, acceleration, and jerk curves. Th
for solving the cam motion is also presented. A general computati
for synthesizing the motion curve is presented. Several examples I8 research.
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1 Introduction \ %

The synthesis of motion curveg§for cam mechanisms depends on working require-
ments and application situag chinery systems. The boundary conditions
not only displacement constraints but also the ve-
gstraints. Frequently, designers must refine the dis-
eir derivatives can reduce the maximum values of

locity, acceleration, and
placement fufigtions,
acceleratiop an
ndard functions such as harmonic, cycloidal, trapezoidal,
#The disadvantage of these functions is limited by a number of
boundai itions. For motion curves, polynomial functions are commonly used
owever, the displacement curves can be oscillating with high order
1 when the number of boundary conditions becomes large. Therefore,
ion and jerk curves can occur the peak values.

InA&everal recent decades, spline functions, B-spline and NURBS curves, have
een used to synthesize motion curves of cam mechanisms [8-13]. The main advan-
age of using these curves for displacement functions is unlimited boundary con-
ditions from working requirements. Moreover, these curves and their derivatives
can be controlled by several parameters such as the knot vector, control points, and
weights. The knot vector is one of the important parameters since it is directly con-
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nected with the shape of these curves. The uniform spacing method is commonly
used for calculating the knot vector as shown in [8-11]. This method is very com-
fortable to calculate the knot vector. Other researches used the knot vector that is
specified in the increasing direction of the independent cam rotation [12, 13].

Until now, the knot vector is still interesting to calculate the shape of curves. In
this paper, we present the effect of the knot vector on the kinematics of the cam
motion. Several methods for computing the knot vector are used for NURBS curve.
Here, the study cases with a large number of boundary conditions of the displace-
ment, velocity, acceleration, and jerk are considered to synthesize of the motion
curve of cam mechanisms.

The organization of this paper is as follows. Section 2 shows the description
NURBS and briefly presents a general synthesis of motion curves with NURB
The linear system of equations is established as follows. The computation £ 0
vector for synthesizing motion curves is present in section 3. Secti®® 4 sh %
effect of knot vector to motion curves by several examples. Conclusio est
in section 5.

2 Description of NURBS curve for cam mo@’

2.1 NURBS curve formulation

A detailed introduction to Non-Unifor tional B-Spline (NURBS) curve can be
found in [4]. The NURBS curve Qf degre is defined by n+ 1 control points P,
i=0, ..., n and knot vector U. The NU cyrve is expressed as

L uelab). (1)

U:{M(];ul;uZa"ﬂum}a (2)

with n . The knot vector is a nondecreasing sequence of real number
and g are knots. The knot vector is also expressed as
U={a,....,a,upi1,...;lm—p—1,b,..., b}. 3)
~—— ~——
p+1 p+l1

From Egq. (1), the basis functions N; , are calculated by using the knot vector as
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: 1 for u; <u<uiy
Nio(u) = {O otherwise

“)
U—u; Uitp+1 —U
N;p(u) = ——N; p—1(u) + ————Nit1 p—1(u).
) = L N )+ N
Setting
N;p(u)w;
Ri,p(u):ﬂ (3)

):?:0 Njp(u)w; ’

they are called the rational basis functions. Thus, the Eq. (1) can be written as

n
Clu) = Y Rip(u) B . @
i=0
Furthermore, the k""" derivative of NURBS curve can be compute a\,
(7

Cou) = Zn(:)pr(u)Pi. &

2.2 Cam motion using NURBS curve

The derivative of NURBS curve with degree p is continuous up to (p — 1). There-
fore, in this paper, the NURBS curve wi ree p = 5 is used for synthesizing the
motion curves because its derivati&is nuous up to jerk function.

With the cam motion using RBS e, we denote u as the angle of cam
shaft. The given boundary cogditions of the displacement, velocity, acceleration,
and jerk are respectively ), C2(u;), and C3(up) at uj, ug, uy, and uy.
For the number of boundé litions, n+ 1 = d + e+ f + g, the linear system of
equations can,be written &

wheret%
C=[Cuj)) C'wm) Cw) Cd(w)]", ©)

nd, k=1 e l=1,.. f,andh=1,....g.

the matrix R with size, (n+ 1) x (n+ 1), presents the values of rational
asisfunctions, the first derivative, the second derivative, and the third derivative at
»» Ui, Uy, and uy, respectively. R can be written as

C=RP, ®)

with size (n+ 1) x 1 can be expressed by

R = [Ri,(u;) R}’p(uk) R?’p(ul) Rip(uh)]T, for i=0,...,n. (10)
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From Eq. (8), P can be presented by

P=[R, PP . (11)

As mentioned above, P; are control points.
Solving the linear system of equations as shown in Eq. (8), we obtain the control
points. It means that the motion curve of cam mechanisms is established.

3 Computation of the knot vector for synthesizing cam motion

3.1 Parameterization method to generate the knot vector

o
According to Eq. (5), the basis functions are established by the knot or S
shown in Eq. (3). For the number of boundary conditions at u;, yf, i, andQuf, the
input angle vector of camshaft, denoted by D, is arranged from value of
the cam rotation in the order u;, ui, u;, and uy. Thus, for n input es, D can

be written as

12)

parameters, we present three methods such as unifo
method, and centripetal method. From
parameter domain [a, b], with a D,

The uniformly space method has%beell presénted in [6]. With the end parameters
to = a and t,, = b, the remainin, ameter:

space method, chord length
(1), the angle of camshaft as u is in the

for i=1,...n—1. (13)

The det&)
end par ers o = a and t,, = b. The other parameters are calculated by

fh=a
k
X |Di—Di|
i=at+ " (b—a) for k=1,.,n—1. (14)
'21 |Di — Di—1]
=
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Respectively, the centripetal parameterization method [7] at the first and the end
parameters are fy = a and t,, = b. The remaining parameters are expressed as

tho=a
k
X |Di—Di|*
ti:a+’:n1—(b—a) for k=1,..,n—1, (15)
'21 |Di — Di—1|*
i=
t,=>b

with the positive power as « is in [0, 1]. Selecting the value o affects the sha
of the displacement, velocity, acceleration, and jerk curves. In this paper, wed0
discuss the effect of the parameter ¢. For calculating the parameters@ acco %
the centripetal method, we choose the value oo = 1/2 that is the square oRGhesd
length method.

3.2 Knot vector generation é

To generate the knot vector for NURBS after a 0 eters t; is obtained.
Using NURBS with degree p for motion cury e Yeed to compute m + 1 knots
from n+ 1 parameters in t, where m =n+p+1. rding to the knot vector in
Eq. (3), we have p+ 1 knots with up = u
U, = b. The remaining n — p inwl
the parameters ;.

The uniformly spaced knot or can b calculated by [6]

o=up=aand Uy_p=Up_py1 =...=
pt1s e Um—p—1) are computed from

for j=1,2,....n—p. (16)
For the ¢ le and the centripetal method, the knot vector is computed by
the aver ethod [2]
U =uy=...=up=a
1 j+tr—1
uj+p:t0+; PINY for j=1,2,....n—p. 17
i=j

Ump—p = Up—pt1 = ... = Uy =D
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4 Results and discussions

This section presents two examples with a large number of boundary conditions. In
the first example, the follower of the cam mechanism satisfies 20 boundary condi-
tions (see in [8]) of the displacement, velocity, and acceleration as shown by start
signs in Fig. 1. From the given angles of camshaft, the input angle vector is ex-
pressed as D = [0, 0, 0, 0.7854, 0.7854, 1.5708, 1.5708, 1.5708,2.3562, 2.3562,
2.6180, 3.1416, 3.1416, 3.1416, 3.6652, 3.9270, 3.9270, 4.7124,4.7124, 4.7124].
The knot vectors for the uniform space, chord length and centripetal methods are
computed in section 3.

Displacement Velocit:
2.5 Ld 4 y

Uniform

= = -Chord length
=—==—=-Centripetal

® Boundary conditions

C (mm)

3

u (rad) (rad)

Acceleration Jerk

Uniform
= = -Chord length
—-—=-Centripetal

Uniform
= = -Chord length
—=—-=-Centripetal

mparison of motion curves for three cases of knot vector

E the t vector, basis functions N;, and rational basis functions R; , are
establis ee Eq. (4) and Eq. (5)). The displacement function is computed from
ting the control points in Eq. (8). The results of the displacement, velocity,
ation, and jerk diagram (SVAIJ diagram) show in Fig. 1. It is seen that the
difference of the displacement curves is not changed much. However, the velocity,
cceleration, and jerk curves are much different. The maximum values of velocity,
acceleration, and jerk using chord length method are much smaller than others.

As the second example, we consider the cardiovascular mock loop where the
motion of the human heart is simulated. The measurement of the displacement fol-
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Uniform

— — -Chord length
—=—=-Centripetal

® Boundary conditions

u (rad)
Fig. 2 SVAJ diagram comparison of uniform, h, and centripetal methods

lower is shown by star signs inﬁ. ith 27 values of displacement. Because
of the discontinuity of the velo, and ace€leration, the infinite values of the ac-
celeration and jerk will occur; ectively. Thus, to avoid the discontinuity of the

and the end points of thd
equal to zero.Respegti
[O’ 07 07 07
2.4166, 2.

4.8332, 5.0
Fig. oW, J diagram in one cycle of the cam mechanism. The displace-
mentgvelo cceleration, and jerk curves in case of the chord length and the

od are coincided because of the same as vector t, also knot vector
ve, the difference between two elements, |D; — D;_;| (i =5, ...,30), does
ge and the remaining elements are equal to zero. In this case, the param-
eters ¥; are not affected by the power o of the centripetal method. Thus, they have
ymilar values in both the chord length method and the centripetal method, likewise
the value of knots u;. As shown in Fig. 2, the displacement for the uniformly spaced
method is slightly oscillating. Therefore, the peak values of the velocity, acceler-
ation, and jerk curves occur. The maximum values of velocity, acceleration, and
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jerk with the chord length and the centripetal methods are much smaller than the
uniformly spaced method.

5 Conclusions

Using NURBS curve for cam motion synthesis is flexible and robust because it
satisfies arbitrary boundary conditions of displacement, velocity, acceleration, and
jerk constraints. Furthermore, NURBS curve and its derivative are controlled by
several parameters such as knot vector, control points, and weights. The evaluati
of effecting the knot vector on the displacement, velocity, acceleration, and
curves is presented in this paper. Several methods for computing the knot vg
NURBS used to synthesize the motion curves are presented. The re8lts sh
the maximum values of acceleration and jerk in case of the chord lengt th

00"

smaller than the other methods. Especially, these values for chord lgfigth m are
much smaller than the uniform method. &
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