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Abstract. Computation of intersection of right truncated cylinders of revolution an iona -

in preventing interference between rigid bodies in joint articulated m i ms. No such
claim is made herein. Indeed the intent was to have fun by indulgi ntary “geometric
thinking”.
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1 Introduction \ %

its comprehensive bibliography. Rather I will
meal sub-problems and expose some not-widely-

,D{1:d, : dy : d3} and respective radii r,s.
blem is to find on the cylinder axes, lines &2 and 2, their common

if lengthis are indefinite, is simply |PQ| — r — s. Line geometry will be applied.

d if an end disc intersects another, these are represented, e.g., the one of
folr on A, by sphere k4 : (x; —a1)? + (x2 —az)? + (x3 —a3)? — r? = 0 and plane
with coordinates a{Aq : by —aj : by —ay : bz — a3} ! Contact or intrusion occurs
if the line of intersection between the two planes intersects both spheres on real
points.

VAo = —ai (b1 —a1) —az(br — az) — a3 (b3 — a3)
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e To find if an end disc intrudes into a cylinder flank, say, k,» = k4» Na”, and that
of kgr x% +x§ —s2=0. (") indicates all three elements are displaced so C is on
the origin and D on the x; axis. Then the four points X (x;,x;,x3) of intersection
of a’ Nkyr N kgn, if real, are checked to see if 0 < x; < |CD|.

e Finally a line geometric approach to finding the octic univariate that describes
stationary distances between a pair of spatial circles will be described. One of
these is the shortest. Distance criteria were used by Agarwal et al [1] to avoid col-
lision. My three sub-problem collision, as opposed to their four sub-problem dis-
tance, method seems simpler and sufficiently secure if actual cylindrical pieces

are buffered by increase in length and radius. Q

2 Common Normal Cylinder Centreline End Points @

N

%mmon Normal %

Cylinder centrelines S
directly com,

re represented by their radial Pliicker coordinates
pdirs A,B and C, D.

Zat :p23 i paipizt, 2e{qo1 i qo2qos g3 s gz}
Pencils of s normal to &, 2 respectively are used to define axial line Z%,,.

p{Po - po1 - po2 1P03}7 CI{QO 2qo1 - 402 - %3}

o are the two unknowns necessary to find end points P and Q of common
ormdl axial line %, on lines &, and 2, using intersections

Hq{Ro1 :Ro2 : Rz : R23 1 R31 : R}, PrHa=0, 2--Hq=0

P=pNnP,andQ=qN2,, eg,pi= ):;=0Pijpj thus, where P; = po;.
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po = po1Pt +po2P> +po3P3
P1= —po1h +p12P —p31P; )
p2 = —po2Py +p12P +p23Ps

p3 = —po3sby +p31Pr —p2bs

If |[PQ| — r — s < 0 to establish collision we check that P is on either or between A
and B and that Q bears similar relation to C and D. This can be done, e.g., directly
with Ag 2 and By, the constant coefficients of equations of normal planes on A and
B, by verifying that Ag < Py < By or Ag > Py > By.

3 Collision or Intersection of Cylinder Ends

o
To check if cylinder ends on points, say, A, C interfere we apply Egs. 2

a: Ag+Arx) +Axx +Azxz =

c: Co+Cixy +C2x2—|—C3x3 : >
kg : (xl—a1)2+(x2—a2 )C3—a3

ket (x1—c1)?+ (xa —ac)> + (x3 — c3
Consider Fig. 2. Cylinder end discs will have a li r at least a point, in

common if simultaneous solution of the first thr 0f \as- 2 and the the first two and
the last both yield real X at P and Q. Note how ive geometry and judicious
choice of view pair provide clear visualization of the process.

v Fig. 2 Line on Cylinder End Planes Intersect both Spheres

2 In this case, as opposed to that mentioned in the introduction, Ag = —po1a1 — po2az — po3a3
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4 Collision or Intersection of a Cylinder Surface with an End

First the cylinder, radius s, with ends on C, D is displaced so C is on origin O and D
is along xj-axis, x; > 0. Then the translation C — O is imposed upon plane a and
centre A of sphere k4 followed by the rotation necessary to make A — B parallel to
xp-axis. So a,A kg — a' A’ kg — a” A" Jkyn.

4.1 Translation
1000 1 1 1
c1100| |ag c1+a; da} @

A—A: = =
010 |an ¢+ ar d, 4

3001 | | a3 c3+as a’

3
Although the translation of point A via Eq. 3 is obvious, plane coofidi , being of
dual species, are transformed by the cofactor of the translati trix asgn Eq. 4.

0,
1 —C] —Cp —C3 A() AofclAl — Cc3 A6
;o1 0 o0 | |A] A Y
@A g0 1 0 ||A]T Az “la| @
00 0 1 As 3 A,

required must premultipl
cofactor. v and [V] are in

(P/Z) roo 0 0 0
cos o sin ¢/2; V] = 0 ripori2 113
)

cos fBsin(¢/2 0 ra rap 3
’ cosysin(¢/2 0 r31 r32 r33
(5)
v(z) v% +v§ 0 0 0

A~~~

- 0 vi+vi—v3—v3 2(viva—wov3)  2(vivi+vova)
- 0 2(vavi +vova) V3 —v3+vi—13 2(vavz —vovi)
0 2(vavi —vov2)  2(v3va+vovi) v(z)—v% —v%-i—vg

ements v; of a normed quaternion are also called Euler-Rodrigues parameters.
[cosa cosB cosy]' is the unit vector —expressed in terms of direction cosines— in
e direction of the rotation axis while ¢ is the rotation angle in a right-hand screw
sense. To get quaternion from rotation matrix —except for half-turns which I won’t
mention here— we use the diagonal elements 7;; to get vi2 as shown in Eq. 6.
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roo 0 0 O Vo = (roo+ri1 +ra+ry3)/4
0 ri1ri2ri3 = (rop+ri1—rn—r3)/4
(6)
0 rrnr3 = (roo—ri1+rn—r)/4
0 r31 r32 133 = (roo—ri1 —rn+ry3)/4

4.3 Rotation

The rotation sought turns C'D’/, C' = C" = 0, onto the xj-axis through rotation
through ¢ about O via unit vector n = [n; np n3]' into x =[1 0 0]". The unj
vector p in the rotation axis direction is given by Eqgs. 7.

ni .
1

n=|ny| =

s Vi) Hdr ) (d3—c3)?

7
cosQ ni 1
p=|cosp :|2§§|: ny | x |0 /|Inxx|=

cosy n3

To complete the computation of the quaternion elegde
rameters we need cos(¢ /2) and sin(¢ /2). Imagi
on O, a line segment joining their tips, its mid
Consider that jm| = cos(¢/2) and |[x —m| =sin(¢/2).

umFuler-Rodrigues pa-
nd x placed tail-to-tail
the tip of vector m from O.
11 this is illustrated in Fig. 3.

cos%:— (14+n)? (1—n1) +n3 +n} 8)

As an exercise the reader ma ormulate the problem of Eq. 9 as aMks Nkg by

Q
X ”)ﬁ

Fig. 3 Rotation and Significance of Half-Angle Sine and Cosine

isplacing k) — ko instead of a — a” and kg — k.
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4.4 Constraint Equations

The implicit equations of plane a”, sphere k4» and the cylinder kg, to be solved
simultaneously to yield points X, appear in Egs. 9.

a’: Aj+Ax; +Ax +Ax3 =0
kan: (x1 —d)?+ (2 —dy)? + (x5 —af)> —r* =0 )

kQ// N x%—i—x%—sz = 0

Fig. 4 contains two views showing the plane a” in edge or line view at upper left ao

Fig. 4 Line on Cylinder E anes Intersect both Spheres

the circle of cylinder kp» circul d disc ¥gether with the elliptical plane section
of cylinder ko The existence points X indicate encroachment of the surfaces.
t sc entirely within kg without triggering the
his condition is checked via the distance between

common normal length ¢
disc centre point A C

ng contact between cylinder end edges and an octic solution is referred
4 ugh the approach introduced in § 3 handles this situation automatically it
1s of ‘interest to reveal how these distances can be computed using a line & that
iptersects circle axis lines .# and .4 on respective points M, N. % will be defined
y points P, Q on circles k, and k., respectively, as shown in Fig. 5. Line &, shown
in Fig. 5, depicts a typical line belonging to two line congruences. One contains
all lines on points on circle k, and normal to the circle tangent at that point, P.
This property is ensured by the intersections P € k,, P€E Z,M € Z,M € M, i.e.,
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Fig. 5 Congruence of Normal Lines on Circles

3. "X and 34" NZ. The other congruence on circle k. gives rise to simil
tionships, viz., Q € k., Q € Z,N € %, N € /. Dissecting these rela%)ns yi
equations, Egs. 10, in six Cartesian points coordinates, P(p1, p2, p3), Ol , 4

¢]

e{(-33/16):3/2:0:1/4}

M{1:3/2:0:-3/4}

c{(-33/16)@3/2:0:1/
c(1:3/2:o:x

YL (0:0:1:0:0:0) m {0:0:1:0:0:0}

{3/2:0:1/4:0:3/2:0} /

n {3/2:0:1/4:0:3/2:0}

c

Joining Lines on Plane of Axes (b) 4 Joinings Symmetric to Plane of Axes

Fig. 6 Eight Connections between Circles

Using Grobner basis and an arbitrary pair of spatial circles these simultaneous
equations yield an octic univariate in one of the p;,g; and the basis provides a sys-
tematic way to compute the remaining five. Le., each successive basis polynomial
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contains one linear unknown in terms of those already evaluated. In general, there
are only four real stationary distances among the eight solutions. Are there circle
dispositions that admit eight real solutions? Again, geometric thinking and descrip-
tive geometry reveal in Fig. 6 eight connecting segments that satisfy Egs. 10.

ke =kaNa, PE ke, ke =kcNe, Q€ ke

Ag+Aip1+Apr+Azp3 =0
(p1—a1)*+ (p2—a2)*+ (p3 —az)* —r* =0

Co+Cig1 +Coga+C3q3 =0
(g1 —c1)*+ (g2 —c2)* + (g3 —c3)* —s* =0
M=#N%, AN = A4 NR O

mo1Ro1 + moaRoa + mo3Roz + ma3Raz +m31R3y +miaR1 €0
no1Ro1 +no2Ro2 +no3Ro3 +n23Ro3 +n31R31 +n12R12 =0

«//r{Al :Az :A3 :a2A2 7a3A2 . a3A1 7a1A3 :a1A2 — 2A
JVr{Cl :C2 :C3 :C2C2—C3C2ZC3C1—C1C3 :C1C )
Fa{P293 — P392: P31 — P143 : P1G2 —
1 Poq1 — P190 : Pog2 — P2q0 : Pog3 }

6 Conclusions

Using implicit sphere, plane andgcylinder eguations, some geometric thinking and
descriptive geometry I've tried [toxoi cPmputational sub-problems pertinent
to collision and intrusion betwee o cyliders and use a consistent nomenclature
among them. Have any speci es been overlooked? Yes, a small end disc can
intrude into a large cylinde
sphere centre A”? Was th pvéred in [1]? Apologies for my, in places, didactic
tone. Furthermore
clutter is unde

ierre Merlet taught me in 1995 when he was at the second CK in
chloB Dagstuhl in 1993 that if you can formulate an algebraic problem
with ejght sGlutions, an upper bound, and can construct an example, a lower bound, with that
then settled.
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